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Exercise 1. Let A be aring and let I/ C A be an ideal. Show that the morphism
of affine schemes Spec A/I — Spec A, induced by the canonical ring homomor-
phism A — A/I, is a closed immersion.

Exercise 2. Let X be a scheme and f € Ox(X). Recall that
Xp={reX| fo €m, C Ox,}

is an open subset in X.

(1) Show that the image of f in Ox(X) by the restriction map is invertible.
(2) Deduce from (1) that the restriction map Ox(X) — Ox(Xy) can be extended
to the ring homomorphism ¢ : Ox(X); = Ox(Xy).

(3) Assume that X is quasi-compact. Let a € Ox(X) be an element, whose
restriction to Xy is 0. Show that for some n > 0, f"a = 0 in Ox(X). Deduce
that the ring homomorphism ¢ from (2) is injective.

Hint: Consider an open affine cover of X and use Remark 4.11(1) = Lemma 3.7
from the lecture.

(4) Assume that there is a finite open affine cover X = U!_,U;, such that every
U; N U; also admits a finite open affine cover. Let b € Ox(X). Show that for
some n > 0, ff b lies in the image of the restriction map Ox(X) = Ox(Xy).
Deduce that ¢ from (2) is surjective and, thus, bijective.

Hint: Consider an open covering of X; by V; := Xy NU; and consider the family

-----

.....

tained family (up to multiplication by some power of f) to an element a € Ox(X).

Exercise 3. Let k be a field. Denote by P(k™) = (k""'\{0})/k* the set-
theoretical projective space in the classical sense and let
X =P} := Proj(k[Xo, ..., Xn]). Show that the following map is well-defined and
bijective

P(k™) — X (k), [ag: -+ : ay] — homogeneous ideal ((a;X; — a; X;)o<ij<n),
where X (k) denote the set of k-rational points of X.

Exercise 4. Let A be a ring and consider X = P”. Show that Ox(X) = A.
Hint: Compare with Exercise 4, Sheet 6, from the last semester.



